In this paper we present two different examples of electromechanical realization of Chua's circuit and one of Chua's unfolding circuit. In addition, a novel mechanism is proposed for realizing Chua's equations in a purely mechanical way using friction properties. All relevant equations are derived and the mechanical realizations of the proposed devices are discussed.
Introduction
Chua's circuit (see Fig. 1 ) is one of the simplest physical models that has been widely investigated by mathematical, numerical and experimental methods. One of the main attractions of Chua's circuit is that it can be easily built with less than a dozen standard circuit components, and has often been referred to as the poor man's chaos generator. A mathematical analysis of the global unfolding behavior of Chua's circuit is given in [Chua, 1993] . Perhaps one of the most important observations is that by adding a linear resistor in series with the inductor in Chua's circuit, the resulting unfolded Chua's circuit is topologically equivalent to a 21-parameter family of continuous odd-symmetric, piecewise-linear differential equations in R 3 . Any vector field belonging to the "unfolded" topologically conjugate family can be transformed (mapped) via a nonsingular linear transformation to an unfolded Chua's circuit with only seven parameters. In addition, it extends the local concept of unfolding to a global one, where all results are valid for the whole space R 3 . In other words, any autonomous three-dimensional system characterized by an odd-symmetric, threesegment, continuous, piecewise-linear function can be mapped to an unfolded Chua's circuit having identical qualitative dynamics.
The following question was posed in [Chua, 1993] : Since there are several different third-order circuits (which exhibit strange attractors) composed of a continuous, odd-symmetric, piecewiselinear vector field in R 3 , does a homeomorphic mapping of such circuits to an unfolded Chua's circuit exist? If such a homeomorphism exists, the two circuits are said to be equivalent (or topologically conjugate). The unfolded Chua's circuit is canonical in the sense that the governing equations contain a minimum number of parameters for observing the full generality of dynamical behaviors. In this paper, we will present mechanical and electromechanical device models of Chua's circuit, as well as of the unfolded Chua's circuit. The Chua's circuit is shown in Fig. 1 . The governing equations have the form vR-iR characteristic of the nonlinear resistor, which can be synthesized by two standard OP AMPS (operational amplifiers) and six linear resistors [Kennedy, 1992] .
where f (·) is a piecewise-linear function representing the v R -i R characteristic of Chua's diode; namely, the nonlinear resistor, N R . In nondimensional form, (1) is described by the following twoparameter family of equations
The unfolded Chua's circuit is shown in Fig. 2 and examples of some typical continuous, piecewiselinear functions associated with the nonlinear resistor are shown in Fig. 3 [Chua, 1993] . The governing equations are
where
In the nondimensional form, the unfolded Chua's circuit can be reduced to the forṁ 
where the relations between the dimensional and nondimensional parameters are given below
The piecewise-linear characteristics shown in Fig. 3 can be realized in a mechanical model where the state variables represent, for example, vertical and/or horizontal positions.
Mechanical Models of Chua's Circuit
It is well known that, in general, first-order nonlinear differential equations do not always have associated real mechanical models. In fact, the classical approach focuses on the application of known rules, laws and/or hypotheses to derive a set of differential equations based on observed physical phenomena. Conversely, a recent trend in mathematics and computer sciences is to first generate the equations and then find various physical realizations from different fields to match their behavior. We use this latter approach in this paper.
Geometrical construction of the piecewise-linear function
In order to develop a mechanical model of Chua's circuit, it is first necessary to replicate the piecewise-linear behavior of the nonlinear resistor in Figs. 1 and 3 using mechanical means. Consider the simple geometry shown in Fig. 4 . Assuming π/2 ≤ θ 0 ≤ π, −x 1 < x < x 1 , and x 1 > 0, the equation of a straight line through the origin is given by
where m 0 = tan θ 0 < 0. The equation of a straight line through (x 1 , f(x 1 )) for x ≥ x 1 is given by Fig. 4 . Definition of slope parameters: m0 < tan θ0 < 0, m1 = − tan θ1 < 0, |m0| > |m1|.
x ≥ x 1 is given by
where |m 0 | > |m 1 |. Similarly, the equation of the left straight-line segment for x < −x 1 is given by
When Eqs. (7)- (9) are substituted into the first equation in (2) above, the following equation is achieved after rearranging terms
Electromechanical model of Chua's circuit
Our first model of Chua's circuit consists of three separate mechanical devices coupled together via electromechanical devices. Each mechanical system has a single degree of freedom representing either a rotation or a translation. Therefore, the entire coupled system has three degrees of freedom denoted by the variables ϕ, y and z in analogy with the state variables x, y and z, respectively, in (2). Let us begin with our mechanical realization of a response with negative slope, analogous to the v-i characteristic of the nonlinear resistor in Chua's circuit (see Figs. 1 and 3) . The first device we will consider for producing such behavior is shown in Figs. 5 and 6. This mechanism is composed of a rotating disk of radius r whose center is fixed in space and whose moment of inertia is negligible (I ≈ 0). Its rotation is defined by the angle ϕ(t) and is positive in the counterclockwise direction. A dashpot with viscous damping coefficient c 1 and a spring with stiffness coefficient k 1 are attached to the disk. It is assumed that all springs and dashpots in Fig. 6 are linear and massless, a classical mechanical assumption. Therefore, the damping force generated by the dashpot is proportional to −c 1 rφ, whereas the conservative force generated by the spring is proportional to −k(x A − x B ), where x A and x B are the displacements of the spring terminals A and B, respectively. At the disk point D a bar perpendicular to the plane of the figure is attached. Observe that the construction is a mechanism, since the degree of freedom of the mechanism is w = 3n − 2p [Paul, 1979] , where n denotes the number of rigid elements (n = 5 in our case), and p is the number of the first class kinematic pairs (p = 7 in our case). Therefore, w = 1 for our mechanism which is satisfied since its degree of freedom (ϕ) is equal to one.
When the bar at point D moves within the interval (−x 1 , x 1 ) a force reaction is generated by the dashpot with damping coefficient c 1 , and by the spring with stiffness k 1 . The equations of motion can be easily derived using Newton's law. In order to get a piecewise-linear response, two linear springs with stiffness k 2 are positioned on either side of point D with a small gap, x 1 . These springs are activated when |ϕr| ≥ |x 1 |, i.e. when the point D (bar) contacts one of the springs k 2 (neglecting any possible impact effects and assuming the springs are compressed linearly).
The lower structure in Fig. 6 consists of a rigid rectangular frame attached to the disk at point E and at the other end to a rod upon which is mounted a slider at point C. The triangle OCB is comprised of two rigid linkages of equal length, OC = CB = a, that connect to the slider at point C. Observe that point O at the end of the arm OC is fixed in space, point B moves only horizontally, and points O, A and B lie in a straight horizontal line for any movement, assuming small rotations.
The connections at points A, B, C, E and F are assumed to be pin connections that allow rotation and yet have negligible friction. All forces acting on the disk are assumed to act in the plane of its center In order to produce a negative stiffness, we have constructed the mechanism to cause a greater displacement at point B than at point A. In other words, the linkage satisfies the condition x B > x A . A counterclockwise rotation of the disk ϕ causes point E and, therefore, the frame to move vertically upwards due to the coupling of the disk to the linkage mechanism. The frame is coupled rigidly to the slider such that an upward motion of the frame causes point C to move up, and, consequently, point B to move to the right. Therefore, both points A and B move in the same direction although, if the linkage mechanism is designed properly, point B moves further than point A. This causes the spring k 1 to stretch and thus exert a force to the right on the disk at point A. Therefore, a small counterclockwise rotation ϕ of the disk creates a force at point A that tends to continue rotating the disk in the counterclockwise direction. Likewise, a rotation ϕ in the clockwise direction generates a clockwise moment on the disk. This type of response is called a "negative stiffness" and is manifested for the system in Fig. 6 whenever |x B | > |x A | for a given rotation ϕ.
Consider now the kinematics related to the triangle OCB in Fig. 7 . Unless otherwise noted, all rotations of the disk are assumed to be small such that sin ϕ ≈ ϕ and any rotation of the rigid frame about point E is negligible. As the linkage OC rotates in a clockwise direction, the point C moves to C and point B moves to B . Observe that CD ⊥ DC by construction and, for small rotations of the linkages, the following approximations are valid: CC ⊥ OC and ∆OKC ∼ ∆CDC . Defining d ≡ CD and h ≡ CK, we obtain the relation and hence
where OK = √ a 2 − h 2 . The displacement of the point B is defined as x B ≡ BB . Using symmetry from Fig. 7 , we deduce the following geometric relation,
Thus x B = 2DC . Substituting (12) into (13) and using d ≈ rϕ for small rotations we obtain
Therefore, the spring force F A acting at point A on the disk for a small counterclockwise rotation ϕ, i.e. x A ≈ rϕ, is
It is easy to design a construction such that 2h(a 2 − h 2 ) −1/2 > 1, thereby realizing the negative stiffness criterion. For example, if h = 2r then this criterion is satisfied as long as 4r > (a 2 − h 2 ) 1/2 , which can be easily achieved.
There is a reaction force due to the frame acting on the disk at point E (see Fig. 6 ) that counteracts the rotation of the disk. The derivation is omitted here for brevity but, neglecting the mass of the linkages and assuming small rotations, this reaction force F E can be approximated as
This is identical to Eq. (15) save for the minus sign and a geometric factor. There is one additional force P 1 acting on the perimeter of the disk at point F (see Fig. 6 ). This is generated by an electromechanical device and is given by
where y is the displacement of a second mechanical device coupled to the disk. Summing moments about the center of the disk yields the equation of motion. A free-body diagram of the disk and the forces acting on it is shown in 
where I is the moment of inertia of the disk. The forces F A and F E from Eqs. (15) and (16), respectively, have been combined into a single term in (18) with the geometric factor δ defined as
To achieve negative stiffness, δ > 0 is required, which requires that both terms in parentheses in (19) be positive. This imposes the following bounds on the allowable values of h
For the case of slightly larger rotations when point D of the disk contacts the springs of stiffness k 2 , i.e. |ϕr| ≥ x 1 , the equations of motion are given by
where the critical angle of contact ϕ * is defined by
Setting I = 0 and rearranging the terms in (18) yields the following first-order ordinary differential equation (ODE) for ϕ,
We now make the equation nondimensional by introducing the following relations,
whereφ,ỹ,z, and τ are nondimensional quantities and ϕ * , y * , z * and ω are constants of proportionality. Substituting (24) into (23) we obtain the following nondimensional ODE,
whereφ = dφ/dτ . Likewise, Eqs. (21) and (22) can be expressed in nondimensional form as
By defining the following nondimensional quantities,
which is identical in form to the first Chua's equation (10) with x 1 set equal to unity. To generate equations of motion analogous to the other two Chua's circuit equations in (2), it is necessary to couple the mechanism in Fig. 6 to two other mechanical devices whose displacements represent the state variables y and z. The coupling is accomplished using four electromechanical devices and the entire system is shown in Fig. 9 . One mechanism consists of a dashpot with friction coefficient c 2 and a spring with stiffness coefficient k 3 , both being driven by the combined force P 2 + P 3 , where P 2 and P 3 are forces generated by electromechanical devices. Assuming the masses of all elements in the device are negligible, the force balance in the y-direction is
where P 2 = λ 2 z, P 3 = λ 3 rϕ and λ 2 and λ 3 are constants of proportionality. The forces P 2 and P 3 are in turn controlled by the linear position z and angular position ϕ, respectively. Introducing the nondimensional quantities in (24), (29) is transformed into the following nondimensional equatioñ
whereỹ ≡ dỹ dτ .
If we set ω = k 3 /c 2 , λ 3 rϕ * = y * k, and λ 2 z * = y * k 3 , we get an equation identical in form to the second equation in (2),
Summing forces in the z-direction for the dashpot system in the lower part of Fig. 9 while neglecting all masses yields the following equation of motion
where P 4 = −λ 4 y represents the force generated by a linear electromechanical device with constant of proportionality λ 4 . Using the relations in (24), Eq. (32) transforms in nondimensional form intõ
wherez ≡ dz dτ and the nondimensional quantity β is defined as
using ω = k 3 /c 2 . Equations (28), (31) and (33) form a system of equations identical in form to the Chua's circuit equations in (2).
Electromechanical model of unfolded Chua's circuit
As previously stated, an unfolding of Chua's circuit can realize much richer examples of bifurcation and chaotic dynamics. Comparing the dimensionless system of equations describing the Chua's circuit (2) to that of the unfolded Chua's circuit (5), it is clear that the first and second equations are identical whereas the third equation in the unfolded case has an additional term. Building the corresponding mechanical system for the unfolded Chua's circuit requires a slight change to our previous configuration in Fig. 9 . To realize the unfolded circuit in a mechanical model it is sufficient to replace the dashpot device shown in the lower part of Fig. 9 with the spring-dashpot combination shown in Fig. 10 . The corresponding equation of motion for this device (neglecting masses) and its dimensionless version are given respectively by
where P 4 = −λ 4 y as before, ω = k 3 /c 2 , β is given in (34), and
Note the differential equation for z (35) gains an additional term and is now identical in form to the third equation in (5). Equations (28), (31) and (35) combined represent the unfolded Chua's circuit.
Alternative electromechanical model of Chua's circuit
We now propose a rough outline of a second electromechanical concept for realizing Chua's circuit, while not providing all the details. This alternative device can be constructed by replacing the disk mechanism discussed earlier in cams mounted on a common rotating shaft with cables attached to each cam at one end and to a spring at the other. The springs, with negligible mass, provide stiffness. While the mechanism in Fig. 11 can be easily realized in the laboratory, electromechanical coupling to the two mechanical devices presented in Fig. 9 is still required. By varying the curvatures ρ i (i = 1, 2) of the cams, it is possible to achieve an approximate piecewise-linear response, similar to that shown in Fig. 3 , as well as both linear and nonlinear stiffness. In order to realize a negative rotational stiffness, some other form of coupling of the cams is required, for example, to an additional electromechanical device that provides a moment in the direction of rotation. The previous disk mechanism in Fig. 6 and the cam mechanism each have advantages and disadvantages. The previous device utilizes both rotation and translation; however, relations between the forces and corresponding displacements can be derived relatively easily. The cam device presented in Fig. 8 involves only rotational motion and can realize a broader class of behavior such as the so-called Duffing (or cubic) stiffness with a maximum rotation of ϕ max = ±170 • . It is rather difficult, in general, to calculate analytically the required cam curvatures a priori. In practice, the stiffness characteristics are defined using identification methods by measuring the moments and corresponding displacements.
Purely mechanical Chua's circuit mechanism
Our motivation in this paper is to develop a mechanical analog of the well-known Chua's circuit.
Three examples of such mechanical realizations have thus far been proposed. All of these used electromechanical feedback devices to transmit signals from one subdevice to another. The most interesting question, however, remains open: How do we build Chua's circuit using only purely mechanical components? We now address this problem.
To realize Chua's circuit from purely mechanical means, we employ the following trick. Observe that we can eliminate the variable z from the two last equations of system (2) and transform the system of three first-order ODE's into an equivalent system of one first-order and one second-order ODE. Differentiating the second equation in system (2) with respect to time τ and substituting in the third equation from (2) we get the following system
We now construct a device whose equations of motion will match those of (36). Consider the system shown in Figs. 12 and 13. This mechanism is composed of an oscillating outer ring with radius r 0 and negligible inertial moment (I 1 ≈ 0) whose center is fixed in space. Its rotation is defined by the angle ϕ 1 (t) and is considered positive in the counterclockwise direction. This ring contacts an inner rotor of radius r i . The center of the wheel is fixed in position and is driven by an external agent at an angular velocity ω. All linear springs and viscous dampers shown in Fig. 13 are assumed to be without mass.
The addition of a stiff beam with nonnegligible mass, whose oscillations are denoted by ϕ 2 , introduces a second-order differential equation to the system. Note that ϕ 2 is positive in the clockwise direction. The key idea is that the beam movement transmits a variable normal force to the outer ring via a spring with stiffness k b and a dashpot with damping coefficient c b . This normal force in turn alters the friction force between the ring and rotor. The beam also couples to the ring through the dashpot of damping coefficient c 1 . (It is assumed the forces generated by k b and c b act at common points on the beam and outer ring so as not to impart torques, only normal forces. For illustration purposes, Figs. 12 and 13 show these two components separated, connected at the top and bottom by blue and red linkages. The torque induced by this construction is negligible if the linkages are sufficiently short. In addition, as with the device in Fig. 5 , it is assumed that all forces act in the plane of the ring's center of mass. While the device in Figs. 12 and 13 show some forces to act outside this plane, clever design can minimize or eliminate out-of-plane torques in a real system.)
Observe that a linkage mechanism is provided to produce negative stiffness identical to the device in Fig. 6 . The linkage mechanism OCB couples to the rotation of the outer ring through the spring with stiffness coefficient k 1 attached at point A.
The outer ring in turn couples to the inner rotor through friction. In order to realize the piecewiselinear response of Fig. 3 , springs of stiffness k 2 are placed on either side of point D in Fig. 13 with a small gap, x 1 . At the disk point D, a bar perpendicular to the plane of the figure is attached similar to Fig. 5 . These springs are activated when |ϕ 1 r| ≥ |x 1 |, i.e. when the point D (bar) contacts one of the springs (neglecting any possible impact effects and assuming the springs are compressed linearly).
The friction force between the rotor and outer ring is assumed to be of the stick-slip variety. Such friction is commonly exhibited in everyday systems such as the squeak of door hinges or chalk on a blackboard, and in the oscillations of violin strings, to name a few. Stick-slip friction has the characteristic of decreasing locally as a function of the relative velocity between the two bodies in contact and can generate self-excited oscillations. The characteristics of stick-slip friction versus relative velocity have been discussed in various papers and books (see, e.g. [Awrejcewicz & Delfs, 1990a , 1990b Awrejcewicz & Holicke, 1999] ). A graph of the stick-slip friction coefficient µ versus relative velocity w is shown in Fig. 14 . Now we are ready to derive the equations of motion based on Newton's laws and analyze oscillations around the static equilibrium positions. Note that the mass m of the rigid beam causes an initial deflection of the spring k b . When the point D moves outside the interval (−x 1 , x 1 ), the outer ring experiences forces from the springs k 1 and k 2 , the dashpot c 1 , and the friction caused by the rotating inner wheel. There is also a reaction force at point E caused by the frame. Note that spring k b and dashpot c b exert only a normal force on the outer ring; friction is neglected here. Likewise, the beam is acted upon by the spring k b , the dashpots c 1 and c b , and gravity. The equations of motion of the beam and the outer ring for |ϕ 1 | ≥ ϕ * , respectively, are given by
where I 1 , I 2 denote the moments of inertia of the outer ring and beam, respectively. The reaction force of the frame acting at point E is included through δ, the geometric factor defined in (19). For the case of |ϕ 1 | < ϕ * the first equation is identical and so is the second equation save for the k 1 r 2 0 (ϕ 1 − ϕ * ) term. The right-hand side (RHS) of the second equation in (37) represents the torque due to friction where N is the normal force, w the relative (slip) velocity between the two bodies, and µ 0 , α 0 and β 0 denote friction coefficients (see Fig. 14) . The relations for w and N are
Note the mg/2 term in the equation for N is due to static deflection of the spring k b . For this case, let us assume that w is in the regime where friction decreases linearly with increasing w, i.e. assume simply w = 1, and β 0 = 0. Let us determine the static equilibrium positions, ϕ 10 and ϕ 20 , of the outer ring and beam, respectively. We assume the equilibrium position of the outer ring is such that point D does not contact the two springs of stiffness k 2 , i.e. −ϕ * ≤ ϕ 10 ≤ ϕ * . We obtain the static equilibrium angles ϕ 10 and ϕ 20 from (37) assumingφ 1 =φ 2 =φ 1 =φ 2 = 0
We seek to determine oscillations about the equilibrium positions, for the case of |ϕ 1 | < ϕ * and |ϕ 1 | > ϕ * . Therefore, we introduce new variables ϕ 1 = ϕ 1 + ϕ 10 , ϕ 2 = ϕ 2 + ϕ 20 where the overbars represent deviations from equilibrium. We also assume small displacements and velocities such that we may neglect nonlinear terms as being of secondorder. Substituting these new variables into the system (37), assuming I 1 = 0, and omitting overbars we get
where ϕ * 0 ≡ ϕ * − ϕ 10 in the last term on the RHS of the second equation.
To eliminate theφ 2 term on the RHS of the second equation in (39), we impose the following constraint on the system parameters
Now the system of equations in (39) begins to resemble that of (36). All that remains is to nondimensionalize the system and impose certain constraints on the system parameters (e.g. k b , c 1 , I 2 , etc.) to achieve the desired form of the equations. Such a transformation requires several steps, the details of which are omitted here for brevity. First, we introduce the nondimensional time τ and positionsφ 1 ,φ 2 τ = ω * t, ω * = c b l 2 2 + c 1 l 2 1 I 2 , ϕ 1 = ϕ * 0φ 1 , ϕ 2 = ϕ * 0φ 2 ,
where ω * and ϕ * 0 are constants of proportionality. Next, we impose the following constraint on the system parameters I 2 ω * = c 1 l 1 r 0
and, finally, make the following definitions Note the system of equations in (43) has the same form as the reduced Chua's circuit system in (36). By varying the parameters α, β, m 0 , and m 1 in (42) we should, in principle, be able to generate the vast array of nonlinear behavior demonstrated by Chua's circuit. This will not be trivial in practice, however, as the parameters must be varied in such a way as not to violate the required constraints in (40) and (41). The large number of parameters present in the system should allow the practitioner flexibility to explore the desired parameter space (α, β, m 0 , m 1 ) while satisfying the assumptions and constraints of this model.
Concluding Remarks
The unfolding of Chua's circuit can exhibit various chaotic and bifurcation behaviors which are welldocumented in the literature [Madan, 1993] . In this paper, the idea of its potential equivalence and homeomorphism in other engineering systems has been discussed and illustrated. Several realizations have been proposed: two electromechanical models of Chua's circuit and one of Chua's unfolded circuit, and, finally, a purely mechanical model of Chua's circuit. We employed various "tricks" to reproduce the negative slope characteristics of the nonlinear resistor in the Chua's circuit. The electromechanical systems use electromechanical couplings between three mechanical subsystems to achieve the required dynamic behavior of the Chua's circuit. Conversely, the purely mechanical device uses only naturally observed mechanical properties and phenomena to satisfy this goal. Friction, often considered a nuisance in industry, is exploited in the purely mechanical system to produce some original couplings and synthesize the third-order Chua's equations.
